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Abstract
The notion of travel groupoids was introduced by L. Nebesky´ in
2006 in connection with a study on geodetic graphs. A travel groupoid
is a pair of a set V and a binary operation ∗ on V satisfying two
axioms. For a travel groupoid, we can associate a graph. We say
that a graph G has a travel groupoid if the graph associated with the
travel groupoid is equal to G. Nebesky´ gave a characterization for
finite graphs to have a travel groupoid.
In this paper, we introduce the notion of T-partition systems on
a graph and give a characterization of travel groupoids on a graph in
terms of T-partition systems.
Keywords: travel groupoid, right translation system, graph, T-partition
system.
2010 Mathematics Subject Classification: 20N02, 05C12, 05C05.
∗This work was supported by JSPS KAKENHI Grant Number 15K20885.
1
1 Introduction
All graphs in this paper are (finite or infinite) undirected graphs with no
loops and no multiple edges.
A groupoid is the pair (V, ∗) of a nonempty set V and a binary operation
∗ on V . The notion of travel groupoids was introduced by L. Nebesky´ [4] in
2006. First, let us recall the definition of travel groupoids.
A travel groupoid is a groupoid (V, ∗) satisfying the following axioms (t1)
and (t2):
(t1) (u ∗ v) ∗ u = u (for all u, v ∈ V ),
(t2) if (u ∗ v) ∗ v = u, then u = v (for all u, v ∈ V ).
A travel groupoid is said to be simple if the following condition holds.
(t3) If v ∗ u 6= u, then u ∗ (v ∗ u) = u ∗ v (for any u, v ∈ V ).
A travel groupoid is said to be smooth if the following condition holds.
(t4) If u ∗ v = u ∗ w, then u ∗ (v ∗ w) = u ∗ v (for any u, v, w ∈ V ).
A travel groupoid is said to be semi-smooth if the following condition holds.
(t5) If u ∗ v = u ∗w, then u ∗ (v ∗w) = u ∗ v or u ∗ ((v ∗w) ∗w) = u ∗ v (for
any u, v, w ∈ V ).
Let (V, ∗) be a travel groupoid, and let G be a graph. We say that (V, ∗)
is on G or that G has (V, ∗) if V (G) = V and E(G) = {{u, v} | u, v ∈ V, u 6=
v, and u ∗ v = v}. Note that every travel groupoid is on exactly one graph.
In this paper, we introduce the notion of T-partition systems on a graph
and give a characterization of travel groupoids on a graph. This paper is
organized as follows: In Section 2, we define the right translation system of a
groupoid and characterize travel groupoids in terms of the right translation
systems of groupoids. Section 3 is the main part of this paper. We introduce
T-partition systems on a graph and give a characterization of travel groupoids
on a graph in terms of T-partition systems. In Section 4, we consider simple,
smooth, and semi-smooth travel groupoids, and give characterizations for
them.
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2 The right translation system of a travel
groupoid
Definition. Let (V, ∗) be a groupoid. For u, v ∈ V , let V Ru,v be the set of
elements whose right translations send the element u to the element v, i.e.,
Vu,v = V
R
u,v := {w ∈ V | u ∗ w = v}.
Then we call the system (Vu,v | (u, v) ∈ V × V ) the right translation system
of the groupoid (V, ∗).
Remark. For each element w in a groupoid (V, ∗), the right translation map
Rw : V → V is defined by Rw(u) := u ∗ w for u ∈ V . Then the set V
R
u,v is
given by V Ru,v = {w ∈ V | Rw(u) = v}.
We can also consider the set V Ru,v defined above as the inverse image of
{v} through the left translation map Lu : V → V of the groupoid (V, ∗)
defined by Lu(w) := u ∗ w for w ∈ V , i.e., V
R
u,v = L
−1
u ({v}).
Lemma 2.1. Let (V, ∗) be a groupoid. Then, (V, ∗) satisfies the condition
(t1) if and only if the right translation system (Vu,v | (u, v) ∈ V ×V ) of (V, ∗)
satisfies the following property:
(R1) For any u, v ∈ V , if Vu,v 6= ∅, then u ∈ Vv,u.
Proof. Let (V, ∗) be a groupoid satisfying the condition (t1). Take any u, v ∈
V such that Vu,v 6= ∅. Take an element x ∈ Vu,v. Then u ∗ x = v. By (t1),
we have (u ∗ x) ∗ u = u. Therefore, we have v ∗ u = u and so u ∈ Vv,u. Thus
the property (R1) holds.
Suppose that the right translation system (Vu,v | (u, v) ∈ V × V ) of a
groupoid (V, ∗) satisfies the property (R1). Take any u, v ∈ V . Then there
exists a unique element x ∈ V such that v ∈ Vu,x. Since Vu,x 6= ∅, it follows
from the property (R1) that u ∈ Vx,u and so x ∗ u = u. Since v ∈ Vu,x, we
have u ∗ v = x. Therefore, we have (u ∗ v) ∗ u = u. Thus (V, ∗) satisfies the
condition (t1).
Lemma 2.2. Let (V, ∗) be a groupoid. Then, (V, ∗) satisfies the condition
(t2) if and only if the right translation system (Vu,v | (u, v) ∈ V ×V ) of (V, ∗)
satisfies the following property:
(R2) For any u, v ∈ V with u 6= v, Vu,v ∩ Vv,u = ∅.
Proof. Let (V, ∗) be a groupoid satisfying the condition (t2). Suppose that
Vu,v∩Vv,u 6= ∅ for some u, v ∈ V with u 6= v. Take an element x ∈ Vu,v∩Vv,u.
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Then u ∗ x = v and v ∗ x = u. Therefore, we have (u ∗ x) ∗ x = u, which is a
contradiction to the property (t2). Thus the property (R2) holds.
Suppose that the right translation system (Vu,v | (u, v) ∈ V × V ) of a
groupoid (V, ∗) satisfies the property (R2). Suppose that there exist u, v ∈ V
with u 6= v such that (u ∗ v) ∗ v = u. Let x := u ∗ v. Then v ∈ Vu,x.
Since (u ∗ v) ∗ v = u, we have x ∗ v = u and so v ∈ Vx,u. Therefore v ∈
Vu,x∩Vx,u, which is a contradiction to the property (R2). Thus (V, ∗) satisfies
the condition (t2).
The following gives a characterization of travel groupoids in terms of the
right translation systems of groupoids.
Theorem 2.3. Let (V, ∗) be a groupoid. Then, (V, ∗) is a travel groupoid if
and only if the right translation system of (V, ∗) satisfies the properties (R1)
and (R2).
Proof. The theorem follows from Lemmas 2.1 and 2.2.
3 T-partition systems on a graph
We introduce the notion of T-partition systems on a graph to characterize
travel groupoids on a graph.
For a vertex u in a graph G, let NG[u] denote the closed neighborhood of
u in G, i.e., NG[u] := {u} ∪ {v ∈ V | {u, v} ∈ E}.
Definition. Let G = (V,E) be a graph. A T-partition system on G is a
system
P = (Vu,v ⊆ V | (u, v) ∈ V × V )
satisfying the following conditions:
(P0) Pu := {Vu,v | v ∈ NG[u]} is a partition of V (for any u ∈ V );
(P1a) Vu,u = {u} (for any u ∈ V );
(P1b) v ∈ Vu,v ⇐⇒ {u, v} ∈ E (for any u, v ∈ V with u 6= v);
(P1c) Vu,v = ∅ ⇐⇒ {u, v} 6∈ E (for any u, v ∈ V with u 6= v);
(P2) Vu,v ∩ Vv,u = ∅ (for any u, v ∈ V with u 6= v).
Remark. Let P = (Vu,v | (u, v) ∈ V ×V ) be a T-partition system on a graph
G. It follows from the conditions (P0) and (P1c) that, for any u, v ∈ V , there
exists the unique vertex w such that v ∈ Vu,w.
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Definition. Let P = (Vu,v | (u, v) ∈ V × V ) be a T-partition system on a
graph G. For u, v ∈ V , let fu(v) be the unique vertex w such that v ∈ Vu,w.
We define a binary operation ∗ on V by u ∗ v := fu(v). We call (V, ∗) the
groupoid associated with P.
Remark. It follows from definitions that the right translation system of the
groupoid associated with a T-partition system P on a graph G is the same
as P.
Lemma 3.1. Let G be a graph, and let P be a T-partition system on G.
Then, the groupoid associated with P is a travel groupoid on G.
Proof. It follows from the properties (P1a), (P1b), and (P1c) in the definition
a T-partition system on a graph that a T-partition system P = (Vu,v | (u, v) ∈
V ×V ) satisfies the property (R1). Moreover, the condition (P2) is the same
as the property (R2). By Theorem 2.3, (V, ∗) is a travel groupoid on G.
Now we show that (V, ∗) is on the graph G. Let G(V,∗) be the graph
which has (V, ∗). We show that G(V,∗) = G. Take any edge {u, v} in G(V,∗).
Then, we have u ∗ v = v. Therefore v ∈ Vu,v. Thus {u, v} is an edge in
G, and so E(G(V,∗)) ⊆ E(G). Take any edge {u, v} in G. Then, we have
v ∈ Vu,v. Therefore u ∗ v = v. Thus {u, v} is an edge in G(V,∗), and so
E(G) ⊆ E(G(V,∗)). Hence we have G(V,∗) = G.
Lemma 3.2. Let G be a graph, and let (V, ∗) be a travel groupoid on G.
Then, the right translation system of (V, ∗) is a T-partition system on G.
Proof. Let (Vu,v | (u, v) ∈ V × V ) be the right translation system of a travel
groupoid (V, ∗) on a graph G.
Fix any u ∈ V . Since u ∗ w is in NG[u] for any w ∈ V , we have⋃
v∈NG[u]
Vu,v = V . Suppose that Vu,x ∩ Vu,y 6= ∅ for some x, y ∈ NG[u]
with x 6= y. Take z ∈ Vu,x ∩ Vu,y. Then u ∗ z = x and u ∗ z = y. Therefore
we have x = y, which is a contradiction to the assumption x 6= y. Thus
Vu,x ∩ Vu,y = ∅ for any x, y ∈ NG[u] with x 6= y. Therefore {Vu,v | v ∈ NG[u]}
is a partition of V . Thus the condition (P0) holds.
By [4, Proposition 2 (2)], u ∗ v = u if and only if u = v. Therefore
Vu,u = {u} and thus the condition (P1a) holds.
If u and v are adjacent in G, then we have u ∗ v = v, and so v ∈ Vu,v. If
v ∈ Vu,v, then then we have u ∗ v = v, and so {u, v} is an edge of G. Thus
the condition (P1b) holds.
Since u ∗ w is a neighbor of u in G for any w ∈ V \ {u}, if u and v are
not adjacent in G, then Vu,v = ∅. If Vu,v = ∅, then we have u ∗ v 6= v, and so
u and v are not adjacent in G. Thus the condition (P1c) holds.
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Since (V, ∗) satisfies the condition (t2), it follows from Lemma 2.2 that
the condition (P2) holds.
Hence the right translation system of (V, ∗) is a T-partition system on
G.
The following gives a characterization of travel groupoids on a graph in
terms of T-partition systems on the graph.
Theorem 3.3. Let G be a graph. Then, there exists a one-to-one correspon-
dence between the set of all travel groupoids on G and the set of all T-partition
systems on G.
Proof. Let V := V (G). Let TG(G) denote the set of all travel groupoids on
G and let TPS(G) denote the set of all T-partition systems on G.
We define a map Φ : TPS(G)→ TG(G) as follows: For P ∈ TPS(G), let
Φ(P) be the groupoid associated with P. By Lemma 3.1, Φ(P) is a travel
groupoid on G.
We define a map Ψ : TG(G)→ TPS(G) as follows: For (V, ∗) ∈ TG(G),
let Ψ((V, ∗)) be the right translation system of (V, ∗). By Lemma 3.2,
Ψ((V, ∗)) is a T-partition system on G.
Then, we can check that Ψ(Φ(P)) = P holds for any P ∈ TPS(G) and
that Φ(Ψ((V, ∗))) = (V, ∗) holds for any (V, ∗) ∈ TG(G). Hence the map Φ
is a one-to-one correspondence between the sets TPS(G) and TG(G).
Example 3.4. Let G = (V,E) be the graph defined by V = {a, b, c, d} and
E = {{a, b}, {b, c}, {c, d}, {a, d}}. Let (V, ∗) be the groupoid defined by
a ∗ a = a, a ∗ b = b, a ∗ c = d, a ∗ d = d,
b ∗ a = a, b ∗ b = b, b ∗ c = c, b ∗ d = a,
c ∗ a = b, c ∗ b = b, c ∗ c = c, c ∗ d = d,
d ∗ a = a, d ∗ b = c, d ∗ c = c, d ∗ d = d.
Then (V, ∗) is a travel groupoid on the graph G.
Let P = (Vu,v | (u, v) ∈ V × V ) be the system of vertex subsets defined
by
Va,a = {a}, Va,b = {b}, Va,c = ∅, Va,d = {c, d},
Vb,a = {a, d}, Vb,b = {b}, Vb,c = {c}, Vb,d = ∅,
Vc,a = ∅, Vc,b = {a, b}, Vc,c = {c}, Vc,d = {d},
Vd,a = {a}, Vd,b = ∅, Vd,c = {b, c}, Vd,d = {d}.
Then P is a T-partition system on G.
Now we can see that the right translation system of (V, ∗) is P and that
the groupoid associated with P is (V, ∗).
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4 Simple, smooth, and semi-smooth systems
In this section, we give characterizations of simple, smooth, and semi-smooth
travel groupoids on a graph in terms of T-partition systems on the graph.
4.1 Simple T-partition systems
Proposition 4.1. Let (V, ∗) be a travel groupoid. For u, v ∈ V , let
Vu,v := {w ∈ V | u ∗ w = v}.
Then, the following conditions are equivalent:
(a) (V, ∗) is simple;
(b) For u, v, x, y ∈ V , if u ∈ Vv,x, v ∈ Vu,y, u 6= x, and v 6= y, then x ∈ Vu,y
and y ∈ Vv,x.
Proof. First, we show that (a) implies (b). Take any u, v, x, y ∈ V such that
u ∈ Vv,x, v ∈ Vu,y, u 6= x, v 6= y Then v ∗ u = x 6= u and u ∗ v = y 6= v. Since
(V, ∗) is simple by (a), v ∗ u 6= u implies u ∗ (v ∗ u) = u ∗ v and u ∗ v 6= v
implies v ∗ (u ∗ v) = v ∗ u. Therefore, we have u ∗ x = y and v ∗ y = x. Thus
x ∈ Vu,y and y ∈ Vv,x.
Second, we show that (b) implies (a). Take any u, v ∈ V such that
v ∗ u 6= u. Note that v ∗ u 6= u implies u ∗ v 6= v (cf. [4, Proposition 2 (1)]).
Let x := v ∗ u. Then u ∈ Vv,x and u 6= x. Let y := u ∗ v. Then v ∈ Vu,y and
v 6= y. By (b), we have x ∈ Vu,y and y ∈ Vv,x Therefore u ∗ x = y, that is,
u ∗ (v ∗ u) = u ∗ v. Thus (V, ∗) is simple.
Definition. A T-partition system (Vu,v | (u, v) ∈ V × V ) on a graph G is
said to be simple if the following condition holds:
(R3) For u, v, x, y ∈ V , if u ∈ Vv,x, v ∈ Vu,y, u 6= x, and v 6= y, then x ∈ Vu,y
and y ∈ Vv,x.
Lemma 4.2. Let G be a graph, and let P be a simple T-partition system on
G. Then, the groupoid associated with P is a simple travel groupoid on G.
Proof. The lemma follows from Lemma 3.1 and Proposition 4.1.
Lemma 4.3. Let G be a graph, and let (V, ∗) be a simple travel groupoid on
G. Then, the right translation system of (V, ∗) is a simple T-partition system
on G.
Proof. The lemma follows from Lemma 3.2 and Proposition 4.1.
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Theorem 4.4. Let G be a graph. Then, there exists a one-to-one correspon-
dence between the set of all smooth travel groupoids on G and the set of all
smooth T-partition systems on G.
Proof. The theorem follows from Theorem 3.3 and Lemmas 4.2 and 4.3.
4.2 Smooth T-partition systems
Proposition 4.5. Let (V, ∗) be a travel groupoid. For u, v ∈ V , let
Vu,v := {w ∈ V | u ∗ w = v}.
Then, the following conditions are equivalent:
(a) (V, ∗) is smooth;
(b) For u, v, x, y ∈ V , if x, y ∈ Vu,v, then x ∗ y ∈ Vu,v;
(c) For u, v, x, y, z ∈ V , if x, y ∈ Vu,v and x ∈ Vy,z, then z ∈ Vu,v.
Proof. First, we show that (a) implies (b). Take any u, v, x, y ∈ V such that
x, y ∈ Vu,v. Then u ∗ x = v and u ∗ y = v, so u ∗ x = u ∗ y. Since (V, ∗) is
smooth by (a), u ∗x = u ∗ y implies u ∗ (x ∗ y) = u ∗x = v. Thus x ∗ y ∈ Vu,v.
Second, we show that (b) implies (c). Take any u, v, x, y, z ∈ V such that
x, y ∈ Vu,v and y ∈ Vx,z. Then x ∗ y = z. By (b), we have x ∗ y ∈ Vu,v. Thus
z ∈ Vu,v.
Third, we show that (c) implies (a). Take any u, x, y ∈ V such that
u ∗ x = u ∗ y. Let v := u ∗ x = u ∗ y. Then x, y ∈ Vu,v. Let z := x ∗ y.
Then y ∈ Vx,z. By (c), we have z ∈ Vu,v. Therefore u ∗ z = v, that is,
u ∗ (x ∗ y) = u ∗ x. Thus (V, ∗) is smooth.
Definition. A T-partition system (Vu,v | (u, v) ∈ V × V ) on a graph G is
said to be smooth if the following condition holds:
(R4) For u, v, x, y, z ∈ V , if x, y ∈ Vu,v and x ∈ Vy,z, then z ∈ Vu,v.
Lemma 4.6. Let G be a graph, and let P be a smooth T-partition system on
G. Then, the groupoid associated with P is a smooth travel groupoid on G.
Proof. The lemma follows from Lemma 3.1 and Proposition 4.5.
Lemma 4.7. Let G be a graph, and let (V, ∗) be a smooth travel groupoid
on G. Then, the right translation system of (V, ∗) is a smooth T-partition
system on G.
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Proof. The lemma follows from Lemma 3.2 and Proposition 4.5.
Theorem 4.8. Let G be a graph. Then, there exists a one-to-one correspon-
dence between the set of all smooth travel groupoids on G and the set of all
smooth T-partition systems on G.
Proof. The theorem follows from Theorem 3.3 and Lemmas 4.6 and 4.7.
Remark. Matsumoto and Mizusawa [3] gave an algorithmic way to construct
a smooth travel groupoid on a finite connected graph.
4.3 Semi-smooth T-partition systems
Proposition 4.9. Let (V, ∗) be a travel groupoid. For u, v ∈ V , let
Vu,v := {w ∈ V | u ∗ w = v}.
Then, the following conditions are equivalent:
(a) (V, ∗) is semi-smooth;
(b) For u, v, x, y ∈ V , if x, y ∈ Vu,v, then x ∗ y ∈ Vu,v or x ∗
2 y ∈ Vu,v;
(c) For u, v, x, y, z, w ∈ V , if x, y ∈ Vu,v and x ∈ Vy,z ∩ Vz,w, then z ∈ Vu,v
or w ∈ Vu,v,
where x ∗2 y := (x ∗ y) ∗ y.
Proof. First, we show that (a) implies (b). Take any u, v, x, y ∈ V such that
x, y ∈ Vu,v. Then u ∗ x = v and u ∗ y = v, so u ∗ x = u ∗ y. Since (V, ∗)
is semi-smooth by (a), u ∗ x = u ∗ y implies u ∗ (x ∗ y) = u ∗ x = v or
u ∗ ((x ∗ y) ∗ y) = u ∗ x = v . Thus x ∗ y ∈ Vu,v or x ∗
2 y = (x ∗ y) ∗ y ∈ Vu,v.
Second, we show that (b) implies (c). Take any u, v, x, y, z, w ∈ V such
that x, y ∈ Vu,v and y ∈ Vx,z ∩ Vz,w. Then x ∗ y = z and z ∗ y = w. Therefore
w = (x ∗ y) ∗ y = x ∗2 y. By (b), we have x ∗ y ∈ Vu,v or x ∗
2 y ∈ Vu,v. Thus
z ∈ Vu,v or w ∈ Vu,v.
Third, we show that (c) implies (a). Take any u, x, y ∈ V such that
u ∗ x = u ∗ y. Let v := u ∗ x = u ∗ y. Then x, y ∈ Vu,v. Let z := x ∗ y and
w := z ∗ y = (x ∗ y) ∗ y. Then y ∈ Vx,z ∩ Vz,w. By (c), we have z ∈ Vu,v or
w ∈ Vu,v. Therefore u ∗ z = v or u ∗ w = v, that is, u ∗ (x ∗ y) = u ∗ x or
u ∗ ((x ∗ y) ∗ y) = u ∗ x. Thus (V, ∗) is semi-smooth.
Definition. A T-partition system (Vu,v | (u, v) ∈ V × V ) on a graph G is
said to be semi-smooth if the following condition holds:
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(R5) For u, v, x, y, z, w ∈ V , if x, y ∈ Vu,v and x ∈ Vy,z ∩ Vz,w, then z ∈ Vu,v
or w ∈ Vu,v.
Lemma 4.10. Let G be a graph, and let P be a semi-smooth T-partition
system on G. Then, the groupoid associated with P is a semi-smooth travel
groupoid on G.
Proof. The lemma follows from Lemma 3.1 and Proposition 4.9.
Lemma 4.11. Let G be a graph, and let (V, ∗) be a semi-smooth travel
groupoid on G. Then, the right translation system of (V, ∗) is a semi-smooth
T-partition system on G.
Proof. The lemma follows from Lemma 3.2 and Proposition 4.9.
Theorem 4.12. Let G be a graph. Then, there exists a one-to-one corre-
spondence between the set of all semi-smooth travel groupoids on G and the
set of all semi-smooth T-partition systems on G.
Proof. The theorem follows from Theorem 3.3 and Lemmas 4.10 and 4.11.
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